A migration approach based on a local application of the Born approximation within each extrapolation interval contains a singularity that can make direct application unstable. Previous authors have suggested adding an imaginary part to the vertical wavenumber to eliminate the singularity. However, their method requires that the reference slowness must be the maximum slowness of a given layer; consequently, the slowness perturbations are larger than those when the average slowness is selected as a reference slowness. Therefore, its applicability is limited. We develop an extended local Born Fourier migration method that circumvents the singularity problem of the local Born solution and makes it possible to choose the average slowness as a reference slowness. It is computationally efficient because of the use of a fast Fourier transform algorithm. It can handle wider angles (or steeper interfaces) and scattering effects of heterogeneities more accurately than the split-step Fourier (SSF) method, which accounts for only the phase change as a result of the slowness perturbations but not amplitude change. To handle large lateral slowness variations, we introduce different reference slownesses in different regions of a medium to ensure the condition of small perturbation. The migration result obtained using the extended local Born Fourier method with multiple reference slownesses demonstrates that the method can produce high-quality images of complex structures with large lateral slowness variations.
INTRODUCTION
Prestack depth migration in three dimensions is widely used for imaging complex subsurface structures. Ray-tracing-based Kirchhoff migration methods, which are most commonly used for large 3-D imaging problems, have difficulty handling complex structures such as those containing salt or steep dips (Hu and McMechan, 1986; Fei et al., 1996) . Migration methods based on a finite-difference solution of the full-wave equation for a heterogeneous medium are quite accurate for complex structures with large lateral slowness variations (Chang and McMechan, 1990) , but it is difficult to apply such methods to large 3-D problems because they are time consuming and require large computer memory. The phase-shift migration method developed by Gazdag (1978) and the f -k migration method developed by Stolt (1978) are implemented in the frequency-wavenumber domain and have some attractive advantages, such as the exact implementation of the transverse Laplacian operators in the wave equation, unconditional stability and fast computation speed from the use of a fast Fourier transform (FFT) algorithm. However, the methods use a constant velocity for each extrapolation depth interval, and they cannot handle lateral slowness variations.
The phase-shift plus interpolation (PSPI) method, implemented in the frequency-space and frequency-wavenumber domains, was developed by Gazdag and Sguazzero (1984) as one way to handle lateral slowness variations. Several constant slownesses are used in the PSPI method to perform phaseshift migrations for each depth interval and the corresponding migration results are interpolated to yield the final migrated image. PSPI can handle large lateral slowness variations.
Another method implemented in the frequency-space and frequency-wavenumber domains is the split-step Fourier (SSF) method introduced to seismology by Stoffa et al. (1990) . Knepp (1983) and Martin and Flatt6 (1988) use the split-step Fourier approach to investigate wave propagation in random media and call it the phase screen method. In this method, wave propagation occurs across extrapolation intervals in two steps. First, a phase shift is used to propagate through a reference medium having a slowness equal to some average of the slowness of the real medium within the interval. Second, a correction is made to account for lateral slowness variations within the interval. The SSF method takes into account small lateral slowness variations yet retains the advantages of the phase-shift method. It has been used for poststack migration (Stoffa et al., 1990) , prestack migration (Huang and Wu, 1996b; Popovici, 1996; Roberts et al., 1997; Tanis and Stoffa, 1997) , and modeling of forward and primary reflected wave propagation (Wu and Huang,1992; .
To handle large lateral slowness variations, Kessinger (1992) introduced the multiple reference slowness (MRS) logic of the PSPI method into the SSF method (hereafter abbreviated as SSF-MRS method). The physics base of wavefield extrapolation in the SSF method is de facto identical to the PSPI method. The differences between these two methods are in the approaches for selecting reference slownesses and in the final steps used to obtain the wavefield at each depth level. Different reference slownesses are selected in different regions of a medium in the SSF-MRS method, while several reference slownesses bounded by the minimum and maximum slownesses of a given layer are used in the PSPI method. The wavefield in each region is extrapolated using the corresponding reference slowness for that region in the SSF-MRS method; therefore, no interpolation is needed. Interpolation of wavefields for different reference slownesses is used in the PSPI method to obtain the extrapolated wavefield. A hybrid migration method termed Fourier finite-difference migration is proposed by Ristow and Ruhl (1994) to obtain a better maximum dip-angle behavior than the SSF method. This hybrid method uses a finite-difference scheme in regions with large lateral slowness variations.
The local Born solution to the scalar wave equation can be implemented in the frequency-wavenumber and frequencyspace domains and used for migration and modeling following an approach similar to the SSF method. It is valid for small lateral slowness variations but its range of validity is generally greater than that of the conventional SSF method. It has been used for modeling primary reflected waves and prestack depth migration (Huang and Wu, 1996a) . For migration, the method has been called the pseudoscreen method (Huang and Wu, 1996a) . Adding an imaginary part to the vertical wavenumber in local Born Fourier solution has been proposed by de Hoop et al. (1999) as a way to eliminate the singularity that exists in the local Born solution when wave propagation in the reference medium is perpendicular to the main propagation direction. We call this method the complexified local Born Fourier method. To ensure a physically acceptable wavefront, the method requires that the reference slowness within each extrapolation interval be greater than or equal to the maximum slowness within that interval (de Hoop et al., 1999) . Therefore, the slowness perturbations are larger than those when the average slowness is chosen as the reference slowness and the applicability of the method is limited.
We introduce an alternative approach to circumvent the singularity of the local Born solution that makes it possible to choose the average slowness as the reference slowness. The method is termed the extended local Born Fourier (ELBF) method since it uses the extended local Born solution and is implemented in the frequency-wavenumber and frequency-space domains. It can handle wider angle than the SSF method. For large slowness variations, the local Born-based method is unreliable or even unstable. Following Kessinger (1992) , we introduce multiple reference slowness (MRS) logic of the PSPI into our method. Different reference slownesses are chosen in different regions of a medium so that the slowness perturbations are small in all regions. The increased computation time of the MRS method relative to the method with single reference slowness (SRS) depends on the number of reference slownesses selected. For example, if the average number of reference slownesses per depth level is four, then the CPU time for the MRS method is approximately three times more than the SRS method. As in the SSF-MRS method, no interpolation is needed in our method with MRS (hereafter abbreviated as ELBF-MRS).
We present the formulations of the extended local Born Fourier methods with single-reference and multiple-reference slownesses. We numerically compare the accuracy of the ELBF method with the SSF method. In migration examples, we first use a simple model with a dipping interface to demonstrate that the ELBF method produces a more accurate image than the SSF method. A 2-D slice of the SEG/EAGE 3-D salt model (Aminzadeh et al., 1996) is then used to test the ELBF-MRS method. The result is compared with those obtained using SSF migration, Kirchhoff migration (Fei et al., 1996) , and FX migration (Amoco, 1995 
with ir s(x, y, z) -
In the above equations, p (x, y, z; w) represents the pressure wavefield in the frequency domain, v (x, y, z) is the velocity of the medium, w is the circular frequency, and k o (z) is the reference wavenumber given by
Decomposing the pressure wavefield p into two parts, namely, the wavefield in the reference medium Po (i.e., incident wavefield) that satisfies the homogeneous wave equation in the reference medium and the scattered field p,, i.e., p(x , y, z; a)) = po (x, y, z; w) + ps(x, y, z; w) , (kx , ky , z; co) position within the interval from z i to zi + Az. Equation (13) can be approximated by
ti 2Az f f dx dyG (kx , ky , zi + Az; x, y, zi ; w) Making use of equation (3), ko (zi )e(x, y, z i ) can be approximated by (g) where s = 1/v and so =1/vo represent, respectively, the slownesses of the medium and the reference medium; As represents the slowness perturbation. Substituting equation (8) into equation (7) yields ps (kx, ky, z; w) : 2 [ dx dy dzl G(kx , ky, z; x, y, zi; w) x ko(zl)wAs (x, y, zt)p(x, y, z1; w) , (9) where the integral variables x i and yl have been changed to x and y, respectively.
Wavefield extrapolation
To extrapolate the wavefield from z, to z i + Az where Az is the extrapolation interval, we must calculate the incident and scattered wavefields at z i + Az using the known wavefield p(x, y, zi ; w). The extrapolated wavefield at z i + Az is obtained by
+ps (x, Y, zi + Az; (0) , (10) where the incident wavefield po (x, y, zi + Az; w) is given by po(x , y, zi + Az; w)
In equation (11), ^x represents the Fourier transform over x and y, and Fkxlky represents the inverse Fourier transform over kx and ky . In equation (12), vo(zi ) represents the reference velocity of the medium within the interval from zi to zi + Az.
In the following, we focus on the calculation of the scattered wavefield ps (x, y, zi + Az; w) . It follows from equation (9) (kx , ky , zi + Az; x, y, z; w) z,
where the integral variable has been changed from z l to z. Hence, (x, y, z) in the integral of equation (13) represents the where the down-going 3-D Green's function in the frequencywavenumber domain G(kx , ky , zi + Az; x, y, zi ; £o) is given by (Clayton and Stolt, 1981) G (kx , ky , zi+ Az; x, Y, zi; 0) )
( 15) 2k (z1) Substituting equation (15) into equation (14) yields
Inverse Fourier transforming equation (16) over kx and k), yields the scattered field in the frequency-space domain (x, y, zi; w)}j. (17) Equation (17) indicates that the scattered wavefield generated by the heterogeneities within the interval from z i to zi + Az is calculated by 1) multiplying the wavefield at z i in the frequency-space domain with the term [iwAs(x, y, zi )Az] to take into account the slowness variations within the interval, 2) Fourier transforming the result into the frequencywavenumber domain, 3) freely propagating from z, to zi + Az, 4) multiplying with a filtering term, and 5) inverse Fourier transforming the scattered field from the frequency-wavenumber domain to the frequency-space domain.
The wavefield at zi is extrapolated to zi + Az using equations (10), (11), and (17).
Singularity
There is a singularity in equation (17) when k, approaches zero which leads to an instability of the algorithm. Authors de Hoop et al. (1999) present a general formulation of screen methods for scattering of waves in inhomogeneous media using pseudodifferential operators. They propose using
) to replace k5 in the denominator of the fraction ko /kz in equation (17) to avoid the singularity. In equation (18), i is a small real number. The corresponding propagator is hereafter termed the complexified local Born Fourier propagator.
The reliability of the local Born solution discussed here degrades with increasing slowness perturbation because the method was derived by assuming that the perturbation is small. This degradation is similar to that of the split-step Fourier method discussed by Fehler (1998). De Hoop et al. (1999) show that the reference slowness within each extrapolation interval must be greater than or equal to the maximum slowness within that interval (i.e., there are only negative slowness perturbations) to ensure a physically acceptable wavefront when using the complexified local Born Fourier propagator. Consequently, the absolute values of slowness perturbations are larger than what would result if the average slowness was chosen as a reference slowness; therefore, the applicability of the method is limited. In addition, in equation (18) must be the same sign as that of the slowness perturbation. Since equation (18) is used in the wavenumber domain, we cannot select a single value of i for a given layer to ensure that the wavefield amplitude decreases when the average slowness within the layer is chosen as the reference slowness.
Extended local Born Fourier propagator
We introduce an alternative approach to circumvent the singularity problem of the local Born solution. Let
where the transverse component of the wavenumber kT is given
Since (kT / ko )2 <1 for one-way wave propagation, equation (19) can be approximated by
where the term A can be obtained using different approximations such as the Muir, Pade, and Taylor approximations. For the Taylor approximation, We note the following. First, equation (23) is derived from equation (13), which is a nonlinear equation with respect to the scattered wavefield Ps, but equation (23) is a linear equation for p5 . From this point of view, equation (23) involves the Born approximation within the interval from zi to zi + Az. Within each extrapolation interval, the incident wavefield is the total wavefield from the preceding interval. This approximation is referred to as the local Born approximation. Second, equation (23) uses approximations (8) and (21). Third, the Fourier transform is a key tool in our wavefield extrapolation method. Therefore, the wavefield extrapolation method using equations (10), (11), and (23) is termed the extended local Born Fourier (ELBF) method. In this method, the Born approximation is applied within each interval using an incident wavefield for that interval. The recursive application of the Born approximation from layer to layer means that multiple forward scattering is accounted for as the wave propagates through a medium. Therefore, the use of the term Born approximation does not necessarily mean that our method is a single scattering approach.
Applicability condition of the ELBF method
For a given extrapolation depth interval, the ELBF method becomes unreliable or even unstable when the lateral slowness variations are strong and/or the frequency is high. The method is accurate and applicable if and only if the Born approximation is satisfied within each extrapolation interval during wavefield extrapolation. This requires that the scattered wavefield p, (x, y, z i + Az; w) given by equation (23) be much smaller than the incident wavefield po(x, y, z ; + Az; w) given by equation (11). Equation (23) indicates that the scattered wavefield ps (x, y, zi + Az; w) is proportional to the term (wAs Az). Therefore, the applicability condition of the ELBF method is given by wmax{As)AzJ < P,
where $ is a small real number and max{ As} represents the maximum slowness perturbation within the interval from z ; to z, + Az. Numerical tests show that when condition (24) is violated, the ELBF method may become unreliable or even unstable . To stabilize the method, we can adjust the extrapolation interval Az such that condition (24) is always satisfied during wavefield downward continuation . In practice, the value of $ can be 0.1 to 0.15.
Relation among the methods
When the propagation angle relative to the main propagation direction (i.e., the positive direction of z-axis) is small, we
Equations (17) and (23) (27) Equation (27) indicates that the wavefield at z i is extrapolated to zi + Az by 1) multiplying the wavefield at z i in the frequency-space domain with a phase change term resulting from the heterogeneities within the interval from z ; to zi + Az, 2) Fourier transforming the result to the frequency-wavenumber domain, 3) freely propagating to the next depth level at z; + Az, and 4) inverse Fourier transforming into the frequency-space domain.
Equation (27) is therefore termed the split-step Fourier (SSF) propagator (Stoffa et al., 1990; Huang and Wu, 1996b; . Since the heterogeneities are accounted for in equation (27) by a phase shift, this kind of propagator is alternatively called the phase-screen propagator (Knepp, 1983; Martin and Flatt6, 1988) . Unlike the ELBF method, the SSF method is inherently stable.
Huang and Fehler (1998) discuss different split-step Fourier marching solutions for seismic modeling and migration. For instance, another split-step Fourier marching solution with almost the same accuracy as equation (27) 
is given by p(x , y, zi + Az; w) ti eim4s(x,Y,zi)4zFk t k I eikz(zi)4z
x. y
x )c,Y{P(x , y, zi; w)}}. (28 )
In this extrapolation equation, the wavefield at z i freely propagates to zi + Az followed by a phase shift resulting from the heterogeneities within the interval from zi to z; + Az. Equation (28) is the form commonly used in seismic migration (Stoffa et al., 1990 ).
The term e 'wso (zi ) is independent of x and y; therefore, equation (27) can be rewritten as
k(z p(x, y , zi + Az; C^J) '';% .^'kx ky {B zzi)Az-cos0(i)Az]

X 1 x,Y 1p(x, y, zi; w ) e ir&s(x,Y , zi)AzH, (29)
Equation (29) is the extrapolation equation used in the phaseshift plus interpolation (PSPI) method developed by Gazdag and Sguazzero (1984) . In this method, a time shift is applied to the pressure wavefield in the frequency-space domain, the wavefield is Fourier transformed into the frequencywavenumber domain followed by a phase-shift operation for a given reference slowness, then an inverse Fourier transform is applied to transform the wavefield to the frequency-space domain. Several different reference slownesses are selected to perform the same calculations, and the corresponding results are interpolated to obtain the wavefield at the next depth level. The reference slownesses are generally within the bounds of the minimum and maximum slownesses of each layer. The method is capable of handling large lateral slowness variations.
If the PSPI algorithm is implemented without interpolation by choosing some average slownesses over given regions for extrapolation, the result is identical to that obtained using the SSF-MRS method where the slowness in each region is identical to that used in the PSPI method. Thus the PSPI and SSF-MRS methods can be regarded as the same method in spite of their derivations appearing to be quite different.
ELBF PROPAGATOR WITH MULTIPLE REFERENCE SLOWNESSES
The local Born approximation is valid only for small perturbations in velocity or slowness. The ELBF propagator becomes unreliable or even unstable when lateral slowness perturbations are large and/or the frequency is high. Following Kessinger (1992) , we apply the MRS concept to the ELBF method as a way to limit the slowness perturbations. Equation (23) then becomes ps (x , y, zi + Az; w) 3 (M(x, y, zi) YI[iwAsi(x,y,zi)Az] x p(x, y, zi; w)}}, (30) where M(x, y, z ; ) is a mapping function between spatial position and reference slowness, j is the index of reference slownesses at each depth level, the function S(.) means that 6(M(x, y, z,) -so(z1 ))=1 for M (x, y, z ; )=so(z;) and S(M(x, y, zi ) -so (z i )) = 0 for M(x, y, z; ) : s' (z; ), and v' (zi ) is given by equation (21) 
In equations (31) and (33), the inner Fourier transforms are made only once at each depth level. To reduce aliasing during migration, a Butterworth filter is applied in the wavenumber domain and a Hanning taper is used near the lateral boundaries of a model. In migration, the exponential terms and (iw) in all above equations must be changed to their complex conjugates for backpropagating wavefields from receiver positions.
NUMERICAL EXAMPLES
We first compare the accuracy of the extended local Born Fourier method and the split-step Fourier method for simulation of wave propagation. Then we present migration examples for a simple model with a dipping interface and a
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Comparison between accuracy of propagators
We compare the accuracy of the ELBF and SSF propagators using a 2-D homogeneous medium where we choose the reference slowness to be different from the actual slowness. This allows a simple check to be made in the ability of the method to correct phase for velocity perturbations . A 1024 x 100 grid with grid spacings along horizontal and vertical directions of 10 m was used. The velocity of the medium is 4000 m/s. We made two sets of numerical simulations using reference velocities of 3600 and 4400 m/s, respectively. Hence, the whole medium has a relative slowness perturbation of -10% for the former case and 10% for the latter case. A point source with a Ricker's time history and a dominant frequency of 20 Hz was introduced at grid site (512, 1).
Seismograms were recorded at all grid sites from (512, 512) to (882, 512). The corresponding propagation angles relative to the z-axis, which is the main propagation direction, range from 00 to 75°. The frequency range used in the calculations is 0.5-60 Hz. The SSF, complexified local Born Fourier (with rl = -0.01), and ELBF calculations were made for 512 time steps with a time sample interval of 0.004 s. No complexified local Born-Fourier calculations were made for the case of positive slowness perturbation since the method is valid only for negative slowness perturbations (de Hoop et al., 1999) . For the extended local Born Fourier calculations, tests using the first 1, 2, 3, and 4 terms on the right side of equation (22) were made. Traveltimes picked from the calculated seismograms were compared with those of seismograms calculated using an analytical solution. Figure 1 shows the relative errors of the traveltimes. For the medium having -10% relative slowness perturbation and allowing for a maximum of 5% relative error of traveltime, the SSF method can handle propagation angles of up to 52°r elative to the main propagation direction. The ELBF method, using the first four terms on the right side of equation (22), can handle propagation angles of up to about 75 0 . For a medium having a 10% relative slowness perturbation and allowing for a maximum -5% relative traveltime error, the SSF method can simulate wave propagation at angles up to about 60°. The angle for the ELBF method can be larger than 75°.
The ELBF method uses one more fast Fourier transform for each depth step than the SSF method. However, the SSF method requires one more calculation of the exponent of complex numbers than the ELBF method. Our numerical simulations indicate that computation times for both methods are almost the same.
Migration examples
We now present some examples showing the applicability of the extended local Born Fourier method to poststack migration problems. We used finite-difference modeling to generate an exploding-reflector dataset. For the ELBF method, we use the first four terms on the right side of equation (22). A model with a dipping interface as shown in Figure 2a was used as the first example. The angle between the dipping interface and the horizontal direction (to the right) is 60°. In the exploding-reflector model, the plane wave radiated from the dipping interface propagates to the upper boundary of the model along a propagation angle of 60° from the negative direction of the vertical axis (i.e., upward). A finite-difference scheme with second-order accuracy in time and fourth-order accuracy in space was used to solve the full acoustic wave equation to generate the exploding-reflector data recorded on the upper boundary of the model. Model densities were chosen to eliminate impedance contrasts across model interfaces. A Ricker's time history with a dominant frequency of 20 Hz was used as the reflector sources. For migration, the model was defined on a 1024 x 500 grid with a grid spacing of 10 m. The time sample interval is 0.004 s, and the frequency range is 0.5-60 Hz. In the grid layers that contain the dipping interface, a reference velocity of 3300.13 m/s was selected as the unique reference velocity so the relative slowness perturbations on the left and right sides of the dipping interface are exactly 10% and -10%, respectively. The exploding-reflector data were migrated using the SSF and ELBF methods with single reference slowness. Figures 2b, d show the migrated image with the model interfaces superimposed. The results indicate that the ELBF migration gives a more accurate image of the dipping interface than the SSF migration. For comparison, the complexified local Born Fourier method was also used to migrate the data. For this case, a reference velocity of 3000 m/s must be selected in the grid layers containing the dipping interface. Consequently, the relative slowness perturbation on the right side of the dipping interface becomes -18.2%. The vertical grid spacing was reduced from 10 to 2 m. The value of rl was chosen to be -0.01. Figure 2c shows the complexified local Born Fourier migration image along with the locations of the model interfaces. The upper flat interface was imaged correctly because there is no heterogeneity in the region above that interface. Below that interface, the downward continued wavefield blows up because of the difficulty of calculating scattered wavefields in heterogeneous media with large lateral slowness variations using the complexified local Born Fourier method.
A 2-D slice of the complex SEG/EAGE 3-D salt model described by Aminzadeh et al. (1996) was used in the next migration example (see Figure 3) . The finite-difference scheme mentioned above was used to generate the exploding-reflector data for the model. The reflector source function is a Ricker's time history with a dominant frequency of 20 Hz. The absolute values of the reflectivity were used as the amplitudes of the exploding reflector sources. For migration, the model was defined on a 1024 x 320 grid with a grid spacing of 12.192 m. The time sample interval is 0.004 s and the frequency range is 0.5-60 Hz. For migrations with single reference slowness, the average slowness within each depth level was used as the reference slowness for that level, For migrations with multiple reference slownesses, the reference slownesses were chosen in different regions to ensure that the absolute values of the slowness perturbations were <10%. Figure 4 shows migration images obtained using the split-step Fourier methods with SRS and MRS. The SSF-MRS method gives an image (Figure 4b ) much better than the SSF-SRS method (Figure 4a ), particularly in regions A, B, and C where the structures are complex, the lateral slowness variations are strong, and the dip angles of the interfaces are large. The ELBF migration image with SRS is shown in Figure 5a . There are a lot of artifacts because of the difficulty in calculating scattered fields for large slowness contrasts between the salt body and the surrounding media. Figure 5b is the migration image obtained using the ELBF-MRS method, which clearly images the lower part of the salt body interface and regions A, B, and C. No artifacts associated with the use of multiple reference slownesses were observed for our numerical examples.
For comparison, the corresponding images cut from 3-D exploding-reflector migration images obtained using Kirchhoff migration with first-arrival traveltimes calculated by a finitedifference scheme (Fei et al., 1996) and using FX-migration (Amoco, 1995) A detailed comparison of expanded images within the rectangular areas around location A in Figures 4b and 5b is displayed in Figure 7 . It shows that the ELBF-MRS migration gives a slightly better image around location F on the right side interface of the V-shaped interface than does the SSF-MRS migration.
CONCLUSIONS
We have developed and tested the extended local Born Fourier migration method. Like the split-step Fourier method, the extended local Born Fourier method is based on the assumption of small slowness perturbation. The extended Kirchhoff migration image (a) (Fei et al., 1996) and FX-migration image (b) (Amoco, 1995) of 3-D exploding reflector data. 
